
6 Chapter 6: Global Simulation of Cellular Automata

In the previous chapters, we studied several ways of comparing dynamical systems, in particular
through subsystems, factors, and embeddings. In this chapter, we revisit these ideas from a com-
putational perspective. Our goal now is to understand when the dynamics of one system should
count as carrying out the computation of another. This immediately leads to an interesting notion,
namely that of simulation.

The need for such a notion is already implicit in the theory of universal Turing machines. A
universal Turing machine is said to simulate an arbitrary Turing machine; a modern computer
is said to simulate a fluid; a neural circuit in the brain of a frog is said to simulate the motion
of a fly passing by. Yet, despite its foundational role, the notion of simulation is rarely isolated
and defined on its own. Usually one simply presents a particular construction of a simulation
and verifies that it captures certain dynamical features of the system that it is purported to be
simulating. This ambiguity is harmless in most circumstances, but is pressing when there are less
obvious notions of simulation. How would we know, for instance, whether a cellular automaton is
performing computation? We would not want to claim that a cellular automaton is performing a
complex computation when in fact it is not, and the would-be computation is merely an artifact of
a convoluted description of the system.

The first point to emphasize is that simulation is not the same thing as exact equality of
dynamics. If one system is to simulate another, their state spaces need not be the same, and
the simulated system need not proceed at exactly the same speed. Rather, one should expect the
presence of a translation layer : one has to encode states of the simulated system into states of the
simulator, let the simulator evolve for a suitable amount of time, and then decode the resulting
state back, see Figure 1.

Figure 1: Intuitive illustration of a dynamical system B simulating A, where enc,dec are some
“computationally reasonable” maps, and G̃ is a simple transformation of G which accounts, for
instance, for a suitable time-delay (e.g., G̃ = Gτ for some τ ∈ N).

This suggests that simulation should involve three pieces of extra data:

1. An encoder, translating configurations of the simulated system into configurations of the
simulator,

2. A decoder, translating configurations of the simulator back into configurations of the simulated
system, and

3. A slowdown function, specifying how many steps of the simulator correspond to one step of
the simulated system.
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